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exp

(
t2

2

)
.

2. We will apply Theorem 3.4 in lecture 12. Take Φ = I + Ψ = − cosx +
2x4 + x, x0 = 0 and y0 = −1.

|Ψ(x)−Ψ(x′)| = | sin ξ + 8ξ3||x− x′|
= 10r|x− x′|

when |x|, |x′| < r < 1. To make sure −1.001 is in the image, we need
10r < 1 and (1 − 10r)r > 0.01. This is satisfied, for example when
r = 1/20.

3. We will apply Theorem 3.4 in lecture 12. Take Φ = I+Ψ, x0 = y0 = (0, 0),
and

Φ(x, y) = (sinx− 2y4, sin y + x2).

When ||(x− x′, y − y′)|| < r < 1 we have,

||Ψ(x, y)−Ψ(x′, y′)||2 = ((cos ξ1 − 1)(x− x′)− 8ζ31 (y − y′))2 + (2ξ2(x− x′) + (cos ζ − 1)(y − y′))2

≤ (r(x− x′) + 8r(y − y′))2 + (2r(x− x′) + r(y − y′))2

≤ 90r2||(x− x′, y − y′)||2.

We want
√
90r < 1 and (1−

√
90r)r > 0.01 this time. This can be achieved

by setting r = 1/20.

4. Define

Ty(x) = g(x) + λ

∫ 1

0

K(x, t)y(t))dt.
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Then

|Ty1(x)− Ty2(x)| ≤ λ

∫ 1

0

|K(x, t)||y1(t)− y2(t)|

≤ λMd∞(y1, y2).

WhereM = supK. If we choose λ so that λM < 1, then T ia a contraction
in (C[0, 1], d∞), and hence has a unique fixed point.
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